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Introduction

Overview

1) Conditional maximum likelihood estimator for structural parameters:

One way to deal with incidental parameter problem in linear or non-linear panel data models
is to use the conditional maximum likelihood method.

Review of Sufficient Statistics with example on static binary choice panel data model.

Conditional likelihood approach may be a lucky coincidence (Chamberlain (2010): only
Logit model for discrete choice!).

CMLE for dynamic (lagged choice dependence) discrete choice model without forward
looking (Binary choice and multinomial choice).

CMLE for discrete choice models accounting for duration dependence. (Chamberlain 1985,
Frederiksen et al, 2007).
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Introduction

Overview

2) Partial identification results:

Honoré and Tamer (2006): initial condition problem: p(yi0; xi , ωi ) is not nonparametrically
identified → characterize bounds.

Chernozhukov et al (2003): Even in the logit model where we have point identification
through CMLE for the structural parameters, marginal effects are not point identified unless
stronger assumptions imposed.

3) Bias correction approach: look for estimators that have smaller biases as opposed to no bias
at all.

Modified conditional likelihood approach: Cox and Reid (1987).

4) Efficiency perspective: do we lose any information in using the conditional maximum
likelihood approach?

P(yi ;β, ωi ) = P(yi |S(yi ),β)︸ ︷︷ ︸
conditional likelihood

P(S(yi );β, ωi ).

P(yi ;β) =

∫
P(yi ;β, ω)dF (ω) = P(yi |S(yi ),β)

∫
P(S(yi );β, ω)dF (ω)

What do we think of the full MLE (β̂, F̂ (ω)) versus β̂c = argmax
∑

i log P(yi |S(yi ),β).

Is β̂ asymptotically equivalent to β̂c ? (i.e. is β̂c is semiparametrically efficient?).
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Introduction

Sufficient Statistics

Definition: Let {Y,P = {Pθ, θ ∈ Θ}} be a parametric model, the statistic S is sufficient for
θ if the conditional distribution of Y given S does not depend on θ.

Factorization Theorem: A necessary and sufficient condition for S to be a sufficient statistic
is that the density factorizes

f (y ; θ) = λ(y)ψ(S(y); θ) = f1(y | S(Y ) = S(y)) f2(S(y), θ)

Sufficient statistic is not unique, consider iid sample Y1,Y2, . . . ,Yn ∼ N(0, σ2).

S1(Y ) = (Y1,Y2, . . . ,Yn)
S2(Y ) = (Y(1),Y(2), . . . ,Y(n))

S3(Y ) = (Y 2
1 + Y 2

2 + · · ·+ Y 2
m,Y

2
m+1 + · · ·+ Y 2

n )

S4(Y ) =
∑

i Y 2
i (minimum sufficient)

Partial sufficiency: suppose θ = (α, β) ∈ A× B, two cases of factorization for S being
sufficient for α (nuisance):

1 f (y ; θ) = f1(y | S(Y ) = S(y), β) f2(S(y);α): α and β are likelihood orthogonal
2 f (y ; θ) = f1(y | S(Y ) = S(y), β) f2(S(y);α, β)

1 using f1 for estimation of β leads to fully efficient estimator.
2 using f1 for estimation of β may or may not be fully efficient (in what sense?)
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Introduction

Example: static binary choice panel data model

Model: yit = 1{x>it β + ωi + εit > 0}, where εit |ωi , xit are iid, P(εit ≤ a) = exp(a)
1+exp(a)

Earliest example (Rasch 1961): Each individual i is given T items for test, yit = {0, 1}
(incorrect, correct), xit is dummy of item t, hence β = (β1, . . . , βT ) measures item
difficulty, we have

P(yit = 1;ωi , βt ) =
exp(ωi − βt )

1 + exp(ωi − βt )
.

Individual Likelihood for yi = {yi1, . . . , yiT }:
Li (β, ωi ) = P(yi ;β, ωi ) =

∏T
t=1 f (yit ;β, ωi ) =

exp(ωi
∑

t yit−
∑

t yitβt )∏T
t=1(1+exp(ωi−βt ))

.

Minimum Sufficient statistics for ωi is: S(yi ) =
∑

t yit (total score of individual).

Factorization: Li (β, ωi ) = P(yi |S(yi ),β,�ωi )P(Si ;β, ωi )

Conditional maximum likelihood estimator β̂c := argmax
β∈B

∑
i log P(yi |S(yi ),β).

Remark: If S is not minimum sufficient, it could contain information about β.
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Introduction

Example: static binary choice panel data model

Suppose T = 2, and β2 = 0, so β1 ≡ β is difficulty level of test item 1 relative to test item
2.

S(yi1, yi2) = {0, 1, 2}.
1 P(yi1, yi2|yi1 + yi2 = 0;β, ωi ) = 1

2 P(yi1, yi2|yi1 + yi2 = 1;β, ωi ) = 1{yi1 = 1, yi2 = 0} exp(−β)
1+exp(−β)

+ 1{yi1 = 0, yi2 =

1} 1
1+exp(−β)

3 P(yi1, yi2|yi1 + yi2 = 2;β, ωi ) = 1

Conditional MLE: β̂c = argmax
β∈B

∑
i∈I 1{yi1 = 1, yi2 = 0} ln 1

1+exp(β)
+ 1{yi1 = 0, yi2 =

1} ln exp(β)
1+exp(β)

= log #{0,1}
#{1,0} . where I = {i : yi1 + yi2 = 1}.

If #{0, 1} > #{1, 0}, then β̂c > 0 (test item 1 more difficult).

CMLE β̂c is root-n consistent under suitable regularity conditions [Anderson (1970)].

Usual MLE regularity conditions.
ωi could not take a sequence of too extreme values such that P(yi1 + yi2 = 1) vanishes
as n→∞.
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Introduction

Example: static binary choice panel data model

Inference can be conducted in the usual way, asymptotic variance is inverse of Fisher
information.

L =
∑

i∈I wi ln exp(β)
1+exp(β)

+ (1− wi ) ln 1
1+exp(β)

with wi = 1{yi1 = 0, yi2 = 1}.

∂2L
∂β2 = −

∑
i∈I

exp(β)

(1+exp(β))2 and E[− ∂2L
∂β2 ] =

∑
i Pi

exp(β)

(1+exp(β))2 with

Pi = E[1{yi1 + yi2 = 1}|ωi , β].

Since we do not have a consistent estimator for ωi , it seems hard to construct consistent
estimator for the asymptotic variance.

However, 1
N

[
− ∂2L
∂β2

]
= exp(β)

(1+exp(β))2
1
N

∑
i 1{yi1 + yi2 = 1} converges to exp(β)

(1+exp(β))2 Pi almost

surely by LLN.
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Introduction

Identification

Not all discrete choice model obtains the root-n consistent CMLE.

For static binary choice model, Chamberlain (2010) shows that only the logistic model has
identification.

Consider model P(yit = 1|xi , ωi ) = F (ωi + xitβ0), for given x , β, ωi , the parametric model
represents a vector in a K − 1 (K = 2T ) dimensional space, if T = 2, it is a 3 dimensional
unit simplex.

p(x , β, ω) =

P(0, 0|x , ω)
P(0, 1|x , ω)
P(1, 0|x , ω)


Identification: β0 is identified if there doesn’t exist β′ 6= β0 along with distribution F ′(ω|x)
and F0(ω|x), such that

∫
p(x , β0, ω)dF0(ω|x) =

∫
p(x , β′, ω)dF ′(ω|x).
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Introduction

Identification: geometry

Fix x and β, as ω changes, the model p(x , β, ω) defines a set of points in the 3-d unit
simplex

Cxβ = {q ∈ S3 : ∃ω such that q = p(x , β, ω)}
If F is continuous, then Cxβ traces out a continuous curve in the 3-d unit simplex.

The observed data frequency p(x , β) =
∫

p(x , β, ω)dF (ω|x) lives in the convex hull of
Hxβ ≡ coCxβ .

Identification fails if the observed data frequency lies in two different convex hull Hxβ0
and

Hxβ′ .

Plot the vector p(x , β, ω) with x1 = 2, x2 = 3, β = 0, ω ∈ [−20, 20].
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Introduction

Identification: geometry

Chamberlain shows that a necessary condition that we have identification of β is when Cxβ

lies on a hyperplane of dimension K − 2. (i.e. ∀ω,
∑K−1

j=1 cj pj (x , β0, ω) = c0).

This can only be true if F is the logistic CDF.

Below I am plotting the regression plane of regressing P10 against P00 and P01, residual is
zero, perfect fit!
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Introduction

Identification: geometry

Change β to 0.75 (black).

0.0 0.2 0.4 0.6 0.8 1.0

0.
0

0.
2

0.
4

0.
6

0.
8

1.
0

0.0

0.2

0.4

0.6

0.8

1.0

P00

P
01

P
10

●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●
●●

●
●

●
●

●

●

●

●
●●

●

●

●

●

●
●

●
●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●● ●

●

●

11 / 29 Victor Aguirregabiria and Jiaying Gu Sufficient Statistics for DDC-UH



Introduction

Identification: geometry

Change β to 1.5 (blue).
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Introduction

Identification: geometry

For Logit model, in fact P10
P01

= exp((xi1 − xi2)β).
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Introduction

Identification failure: Probit model

Consider P(yit = 1|xi , ωi ) = Φ(ωi + xitβ): probit model.

We also have

p(x , β, ω) =

P(0, 0|x , ω)
P(0, 1|x , ω)
P(1, 0|x , ω)


Plot the regression residual of P10 regress on P00 and P01, with xi1 = 2, xi2 = 3

Left: β = 0, Middle: β = 0.75, Right: β = 1.5.

●

●

●

●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●
●
●
●●●●●●●●●●●●●●●

●●
●●●●

●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●

0 20 40 60 80 100

−
2.

5e
−

16
−

1.
5e

−
16

−
5.

0e
−

17
0.

0e
+

00

Index

m
y.

lm
q$

re
si

du
al

s

●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●
●

●

●

●

●

●

●

●

●

●

●

●
●

●

●

●

●
●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●

0 20 40 60 80 100

−
0.

00
5

0.
00

0
0.

00
5

Index

m
y.

lm
q2

$r
es

id
ua

ls

●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●
●

●

●

●

●
●

●

●

●

●

●

●

●

●

●

●

●

●
●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●

0 20 40 60 80 100

−
0.

00
6

−
0.

00
4

−
0.

00
2

0.
00

0
0.

00
2

0.
00

4
0.

00
6

Index

m
y.

lm
q3

$r
es

id
ua

ls

14 / 29 Victor Aguirregabiria and Jiaying Gu Sufficient Statistics for DDC-UH



Introduction

Generalize this idea: Bonhomme (2011)

The idea is to find a moment condition for β that does not depend on ωi .

Let [Lβ,x F ](y) =
∫

p(x , β, ω)dF (ω): maps distribution function F to the data frequency.

Suppose we can find a function ϕ(·, x , β) such that for every F (ω):∫
Y
ϕ(y , x , β)[Lβ,x F ](y)dy = 0

Then we have the moment condition which doesnt depend on ω:
E[ϕ(yi , xi , β0)|xi = x] =

∫
Y ϕ(y , x , β0)[Lβ0,x F0](y)dy = 0.

In the Chamberlain example, it boils down to find for all x and ω:∑
y∈{0,1}T

ϕ(y , x , β)P(yi = y |x , ω, β) = 0.

which leads to ∑
y∈{0,1}T

1{
∑

t

yt = s}ϕ(y , x , β) exp(
∑

t

yt xtβ) = 0

if T=2, the solution for ϕ is

ϕ(y = (0, 0), x , β) = ϕ(y = (1, 1), x , β) = 0

ϕ(y = (1, 0), x , β) exp(xi1β) + ϕ(y = (0, 1), x , β) exp(xi2β) = 0
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Introduction

Dynamic binary choice model

Econometrics Model: yit = 1{θyi,t−1 + ωi + vit ≥ 0}

Recall the example of a firm’s entry-exit (1-0) decision without forward looking behavior
(myopic).

Endogenous state variable xit = yi,t−1.

Uit (y) = u(y , xit , ωi ) + εit (y) = ωi (y) + β(y , yit−1) + εit (y), with unobservable εit (0), εit (1)
iid over (i,t),

Dynamics is captured by β(y , yit−1) = 1{y 6= yit−1}β(y , yit−1).

Observed decision yit = 1{ωi (1)− ωi (0) + β(1, xit )− β(0, xit ) + εit (1)− εit (0) ≥ 0},
Since β(1, yit−1)− β(0, yit−1) = β(1, 0)(1− yit−1)− β(0, 1)yit−1 =
β(1, 0) + yit−1(−β(1, 0)− β(0, 1)).

Let ωi ≡ ωi (1)− ωi (0) + β(1, 0) and vit ≡ εit (1)− εit (0) and θ = −β(1, 0)− β(0, 1) gives
the econometrics model, and θ is the sunk cost of a firm (cost of entry and cost of exit).

Chamberlain (1985) shows the CMLE of θ is root-n consistent.
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Chamberlain (1985): CMLE for dynamic binary choice logit model

Suppose εit (y) follows extreme value Type I distribution, and suppose T = 3, then

Individual likelihood for yi = {yi0, yi1, yi2, yi3}:
Li (θ, ωi )

= P(yi0|θ, ωi )
e(yi1+yi2+yi3)ωi eθ

∑3
t=1 yit yit−1

(1 + e(θyi0+ωi ))(1 + e(θyi1+ωi ))(1 + e(θyi2+ωi ))

=
P(yi0|θ, ωi )

(1 + eθyi0+ωi )

×
e(yi1+yi2)ωi

((1 + eθ+ωi )2)1{yi1+yi2=2}((1 + eθ+ωi )(1 + eωi ))1{yi1+yi2=1}((1 + eωi )2)1{yi1+yi2=0}

× eyi3ωi

× eθ
∑3

t=1 yit yit−1

Minimum Sufficient Statistics for ωi : S(yi ) = {yi0, yi1 + yi2, yi3}.
1 P(yi |yi0, yi1 + yi2 = 0, yi3; θ, ωi ) = 1.
2 P(yi |yi0, yi1 + yi2 = 2, yi3; θ, ωi ) = 1.

3 P(yi |yi0, yi1 + yi2 = 1, yi3; θ, ωi ) = 1{yi1 = 1, yi2 = 0} exp(θ(yi0−yi3)
1+exp(θ(yi0−yi3))

+ 1{yi1 =

0, yi2 = 1} 1
1+exp(θ(yi0−yi3))

CMLE β̂c = log
(

#{1,1,0,0}+#{0,0,1,1}
#{0,1,0,1}+#{1,0,1,0}

)
(Minimum T =3).
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General T: CMLE for dynamic binary choice logit model

For general T ≥ 3, minimum sufficient statistic S(yi ) = {yi0,
∑T−1

t=1 yit , yiT }.

Conditional likelihood function: P(yi | Si , ωi , θ) =
exp(θ

∑T
t=1 yit yit−1)∑

d∈Bi
exp(θ

∑T
t=1 dt dt−1)

where

Bi =
{

(d0, d1, . . . , dT ) ∈ {0, 1}T +1 : d0 = yi0, dT = yiT ,

T−1∑
t=1

dt =

T−1∑
t=1

yit yit−1

}
Disadvantage: no other observables other than yit−1.

Honoré and Kyriazidou (2000) considers yit = 1{θyit−1 + xitβ + ωi + vit ≥ 0} where xit are
exogenous random variables.
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Honoré and Kyriazidou (2000), T = 3

Individual likelihood for yi = {yi0, yi1, yi2, yi3} given xi = {xi1, . . . , xiT }:

Li (θ, ωi )

= P(yi0|xi , θ, ωi )
e(yi1+yi2+yi3)ωi eθ

∑3
t=1 yit yit−1+β

∑
t yit xit

(1 + e(θyi0+xi1β+ωi ))(1 + e(θyi1+xi2β+ωi ))(1 + e(θyi2+xi3β+ωi ))

xi2=xi3=
P(yi0|xi , θ, ωi )

(1 + eθyi0+xi1β+ωi )

×
e(yi1+yi2)ωi

((1 + eθ+xi2β+ωi )2)1{yi1+yi2=2}((1 + eθ+xi2β+ωi )(1 + eωi ))1{yi1+yi2=1}((1 + eωi )2)1{yi1+yi2=0}

× eyi3ωi

× eθ
∑3

t=1 yit yit−1+β
∑

t yit xit

Minimum Sufficient Statistics is still Si = {yi0, yi1 + yi2, yiT }.
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Honoré and Kyriazidou (2000), T = 3

Conditional log Likelihood:∑
i 1{yi1 + yi2 = 1}1{xi2 − xi3 = 0} log

(
exp((xi1−xi2)β+θ(yi0−yi3))yi1

1+exp((xi1−xi2)β+θ(yi0−yi3)

)
If all xit are discrete random variable and P(xi2 = xi3) > 0, then the CMLE (β̂c , θ̂c ) is
root-n consistent.

If xit are continuous random variables, modify the conditional log likelihood with a kernel
weights.∑

i

1{yi1 + yi2 = 1}K
( xi2 − xi3

hn

)
log
( exp((xi1 − xi2)β + θ(yi0 − yi3))yi1

1 + exp((xi1 − xi2)β + θ(yi0 − yi3)

)
But apparently, age is not allowed as a regressor using this strategy.

Kernel bandwidth hn → 0 as n→∞ and K(v)→ 0 as ‖v‖ → ∞.

The resulting kernel type CMLE converges to Normal at the rate
√

nhk
n where k is column

dimension of x .
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Honoré and Kyriazidou (2000), General T ≥ 3

For general T , in order for {yi0,
∑T−1

t=1 yit , yIT } to be minimum sufficient statistics, we
would have to require xi2 = xi3 = . . . xiT , this implies the rate of convergence be√

nh
(T−2)k
n which is too slow!

Honoré and Kyriazidou (2000) suggests a pair-wise approach to maintain
√

nhk
n rate:

identification of (θ, β) is based on sequences of histories such that yis + yit = 1 for
1 ≤ t < s ≤ T − 1.

Consider
A = {yi0 = d0, . . . , yit−1 = dt−1, yit = 1, yit+1 = dt+1, . . . , yis−1 =
ds−1, yis = 0, yis+1 = ds+1, . . . , yiT = dT }.
B = {yi0 = d0, . . . , yit−1 = dt−1, yit = 0, yit+1 = dt+1, . . . , yis−1 =
ds−1, yis = 1, yis+1 = ds+1, . . . , yiT = dT }

P(A|xi , ωi ,A ∪ B, xit+1 = xis+1) =
exp

(
(xit−xis )β+θ(dt−1−ds+1)+θ(dt+1−ds−1)1{s−t>1}

)
1+exp

(
(xit−xis )β+θ(dt−1−ds+1)+θ(dt+1−ds−1)1{s−t>1}

)
independent of ωi

Conditional likelihood:∑
i

∑
1≤t<s≤T−1

1{yis + yit = 1}K
( xit+1 − xis+1

hn

)

× log
( exp

(
(xit − xis )β + θ(dt−1 − ds+1) + θ(dt+1 − ds−1)1{s − t > 1}

)yit

1 + exp
(

(xit − xis )β + θ(dt−1 − ds+1) + θ(dt+1 − ds−1)1{s − t > 1}
))
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Extension to multinomial choice with dynamics

Only covariate: yit−1

P(yit = k|yit−1 = j , ωi , θ) =
exp(ωik +θjk )∑J

h=0
exp(ωih+θjh)

.

Magnac (2000) shows that minimum sufficient statistics for ωi is

Si = {yi0, yiT ,
∑T−1

t=1 1{yit = k}, ∀k} (initial and termination state, and numbers of
occurances of all states during period 1 to T − 1.)

Conditional likelihood function:

P(yi |Si ,ωi ,θ) =
exp

(∑
k

∑
j

(∑T
t=1 1{yit =k}1{yit−1=j}θjk

))
∑

d∈Bi
exp

(∑
k

∑
j

(∑T
t=1 1{dt =k}1{dt−1=j}θjk

)) independent of ωi where

Bi = {d = (d0, . . . , dT ) ∈ {0, . . . , J}T , d0 = yi0, dT = yiT ,
∑T−1

t=1 1{dt = k} =∑T−1
t=1 1{yit = k},∀k}.

Extension to include exogenous covariates xjit (Honoré and Kyriazidou (2000))

P(yit = k|yit−1 = j , ωi , θ) =
exp(xkitβk +ωik +θjk )∑J

h=0
exp(xhitβh+ωih+θjh)

.

Same pair-wise approach as binary choice case: identification via CMLE requires
xkit+1 = xkis+1 for k = 0, . . . , J.
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Duration dependence (Frederiksen et al 2007)

Single spell data with Grouped fixed effect: groups indexed by i and individuals within
groups are indexed by j = 1, . . . , Ji . Number of groups goes to ∞ relative to group size and
time periods t = 1, . . . ,T .

yjit = {0, 1} (unemployed-employed). Let Tji be the time period in which unemployment
spell ends.

yjit = 1{δSjit
+ ωi + vjit ≥ 0}for t = 1, . . . ,Tji

where Sjit = Sji1 + t.

We observe {yjit ,Tji} for i = 1, . . . , n and j = 1, . . . , Ji .

Suppose Ji = 2 for all i , the likelihood function for {y1i1, . . . , y1iT1i
, y2i1, . . . , y2iT2i

} is

( T1i−1∏
s=1

1

1 + exp(δSi1s
+ ωi )

) exp(δS1iT1i
+ ωi )

1 + exp(δS1iT1i
+ ωi )

×
( T2i−1∏

s=1

1

1 + exp(δS2is
+ ωi )

) exp(δS2iT2i
+ ωi )

1 + exp(δS2iT2i
+ ωi )

=
exp(2ωi ) exp(δS1iT1i

+ δS2iT2i
)∏T1i

s=1(1 + exp(δSi1s
+ ωi ))

∏T2i
s=1(1 + exp(δSi1s

+ ωi ))

Sufficient statistics is (T1i ,T2i ) with no further reduction, hence no CMLE for δt .

No SS 6= No identification or root-n consistent estimator.

23 / 29 Victor Aguirregabiria and Jiaying Gu Sufficient Statistics for DDC-UH



Introduction

Duration dependence (Frederiksen et al 2007)

Identification comes from comparing two events:

A = {T1i = t1,T2i > t2} and B = {T1i > t1,T2i = t2}; WLOG t1 < t2.
P(A|A ∪ B) = a1

a1+a2
with

a1 = Pt1 (y1it1
= 1, y2it1

= 0 | {y1is = 0, y2is = 0}s<t1 )

× Pt2 (y2it2
= 0 | {y1is = 0}s<t1 , y1it1

= 1, {y2is = 0}s<t2 )

= F (δt1+S1i1
+ ωi )(1− F (δt1+S2i1

+ ωi ))(1− F (δt2+S2i1
+ ωi ))

a2 = Pt1 (y1it1
= 0, y2it1

= 0 | {y1is = 0, y2is = 0}s<t1 )

× Pt2 (y2it2
= 1 | {y1is = 0}s≤t1

, {y2is = 0}s<t2 )

= (1− F (δt1+S1i1
+ ωi ))(1− F (δt1+S2i1

+ ωi ))F (δt2+S2i1
+ ωi )

If F is logistic distribution function, P(A|A ∪ B) =
exp(δt1+S1i1

−δt2+S2i1
)

1+exp(δt1+S1i1
−δt2+S2i1

)
.

Extremum estimator (root-n consistent):

δt = argmax
∑

i

T∑
t1=1

T∑
t2=1

1{T1i = t1,T2i > t2} log
exp(δt1+S1i1

− δt2+S2i1
)

1 + exp(δt1+S1i1
− δt2+S2i1

)

+ 1{T1i > t2,T2i = t2} log
1

1 + exp(δt1+S1i1
− δt2+S2i1

)
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Duration dependence (Chamberlain 1985)

If there is no duration dependence, then the choice prior to yit−1 should have no effect on
the probability of the choice yit .

Chamberlain (1985) proposes to test H0 : γ2 = 0 from the following model

P(yit = 1|yit−1, yit−2) =
exp(ωi + γ1i yit−1 + γ2yit−2)

1 + exp(ωi + γ1i yit−1 + γ2yit−2)

Sufficient statistics for (ωi , γ1i ): Si = {yi0, yi1,
∑T−2

t=2 yit ,
∑T−1

t=2 yit yit−1, yiT−1, yiT }.
Conditional likelihood function:

P(yi |Si , ωi , γ1i , γ2) =
exp(γ2

∑T
t=2 yit yit−2)∑

d∈Bi
exp(γ2

∑T
t=2 dt dt−2)

with Bi = {d = {d0, . . . , dT } : d0 = yi0, d1 = yi1,
∑T−2

t=2 dt =
∑T−2

t=2 yit ,
∑T−1

t=2 dt dt−1 =∑T−1
t=2 yit yit−1, dT−1 = yiT−1, dT = yiT }

Requires at least T = 5.
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Introduction

Duration dependence (Chamberlain 1985)

A1 = {1, 0, 1, 0, 0, 0},A2 = {1, 0, 0, 1, 0, 0}: P(A1|A1 ∪ A2) = exp(γ2)
1+exp(γ2)

B1 = {0, 1, 0, 1, 1, 1},B2 = {0, 1, 1, 0, 1, 1}: P(B1|B1 ∪ B2) = exp(γ2)
1+exp(γ2)

C1 = {1, 1, 0, 1, 1, 0},C2 = {1, 1, 1, 0, 1, 0}: P(C1|C1 ∪ C2) = 1
1+exp(γ2)

.

D1 = {0, 0, 1, 0, 0, 1},D2 = {0, 0, 0, 1, 0, 1}: P(D1|D1 ∪ D2) = 1
1+exp(γ2)

.
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Duration dependence (AGL, 2018wp)

Recall the example of firm’s entry-exit (1,0) decision without forward looking behavior.

Endogenous state variable xit = {yit−1, dit} where dit+1 = 1{yit = yit−1}dit + 1.

Uit (y) = ωi (y) + β(y , yit−1, dit ) + εit (y)

Structural parameter β(y , yit−1, dit ) = 1{y = yit−1}βd (y , dit ) + 1{y 6= yit−1}βy (y , yit−1).

Suppose βd (y , d) = βd (y , d∗) for d ≥ d∗ = 2 for both y = 0, 1.
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Duration dependence (AGL, 2018wp)

Optimal decision rule

yit = 1
{
ωi (1)− ωi (0) + β(1, yit−1, dit )− β(0, yit−1, dit ) + εit (1)− εit (0) ≥ 0

}
β(1, yit−1, dit ) = yit−1βd (1, dit ) + (1− yit−1)βy (1, 0)

= yit−1yit−2βd (1, 2) + yit−1(1− yit−2)βd (1, 1) + (1− yit−1)βy (1, 0)

β(0, yit−1, dit ) = (1− yit−1)(1− yit−2)βd (0, 2) + (1− yit−1)yit−2βd (0, 1) + yit−1βy (0, 1)

Combine terms, we have

yit = 1
{

ωi + yit−1yit−2(βd (1, 2)− βd (1, 1)) + yit−2(1− yit−1)(βd (0, 2)− βd (0, 1))

+yit−1(βd (1, 1) + βd (0, 2)− βy (1, 0)− βy (0, 1)) + εit ≥ 0
}

with ωi = ωi (1)− ωi (0) + βy (1, 0)− βd (0, 2) and εit = εit (1)− εit (0).
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Duration dependence (AGL, 2018wp)

yit = 1
{

ωi + yit−1yit−2(βd (1, 2)− βd (1, 1)) + yit−2(1− yit−1)(βd (0, 2)− βd (0, 1))

+yit−1(βd (1, 1) + βd (0, 2)− βy (1, 0)− βy (0, 1)) + εit ≥ 0
}

If δd ≡ βd (0, 2)− βd (0, 1) = βd (1, 2)− βd (1, 1), then

yit = 1
{
ωi + yit−2δd + yit−1 (βd (1, 1) + βd (0, 2)− βy (1, 0)− βy (0, 1))︸ ︷︷ ︸

not−identified

+εit ≥ 0
}

Two lags dynamic binary choice model: δd is identified.

If no duration dependence for zero choice, βd (0, 2) = βd (0, 1) = 0, and
δd ≡ βd (1, 2)− βd (1, 1), then

yit = 1
{
ωi + yit−1yit−2δd + yit−1(βd (1, 1)− βy (1, 0)− βy (0, 1)) + εit ≥ 0

}
Cumulative lag: both δd and (βd (1, 1)− βy (1, 0)− βy (0, 1)) are identified.

AGL provides a generalization of the Chamberlain results which allows more general
identification of duration dependence.
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